The interaction of the oblique stationary shock with the preceding Prandtl-Meyer expansion or compression wave is studied theoretically and numerically. Two analytical models are proposed for the flow description, which, though being approximate, gives us the solution of the problem with very high accuracy level. Owing to proposed analytical models, distinctive features of the flow in the interaction region, curvilinear shock inflection, the reflected expansion/compression wave type change, the degeneration of the resulted waves (for example, of the oblique shock into weak discontinuity), occurrence of the subsonic pockets downstream the interacting shock, are discovered and characterized analytically.
Introduction
The problems of interactions between Prandtl-Meyer waves and oblique stationary shocks can be treated as classical in the theory of discontinuities interactions in gas dynamics. Owing to the numerical methods, these problems can be solved in each separate case. But, in spite of the long history of studies [1] , full theoretical analysis of the solution has not been executed yet. A lack of exact analytical relations as well as the complexity of the flow (the interaction is not localized at a single point and even in any finite region) is the main obstacles in the way of theoretical study.
With the problem to be solved now, an initially uniform gas stream with Mach number 0 M ( Fig. 1 ) turns along the plane wall, and simple (non-centered, Figs. 1a and 1c) or centered (with the only common point of all straight acoustic characteristics, Figs. 1b and 1d) Prandtl-Meyer wave 1 r originates.
The oblique stationary shock 2 j of the same direction is situated downstream the isentropic wave. The supersonic gas flow in the region 1 between the wave 1 r and the shock 2 j can be characterized by its
Mach number, 1 M and flow angle, 1 θ . Here, we admit that the flow angle 0 1 = θ (i.e., the flow direction is horizontal in the chosen coordinate system). The distance between the point O of the intersection of the last Prandtl-Meyer straight characteristic OB with the streamlined surface (in particular, O is the center of the rarefaction wave in Fig. 1b) , and the corner point A of shock generation, is the length scale 1 = OA . Initially, the straight shock 2 j becomes curvilinear at its intersection with the last characteristic OB of the wave 1 r . The reflected weak discontinuity 1 
BB
comes out at the point B , if the flow behind the shock 2 j is supersonic. This discontinuity is a border between the uniform flow region 2 behind the shock, and the reflected perturbations in the region 3 r .
Due to contiguity theorem, the region 3 r is either a rarefaction or compression Prandtl-Meyer wave. Weak tangential (contact) discontinuity 1 τ ("weak" means the discontinuity of not flow parameters, but of their first spatial derivatives) originates from point B downstream the shock. The discontinuity 1 τ is the lower border of the substantially non-isentropic flow region 5 which can also be named the vortex layer, or the slipstream of finite width. Another weak tangential discontinuity 2 τ which originates from the point C of intersection between the shock and the first straight characteristic of the wave 1 r is the upper border of the vortex region 5. The weak discontinuity 1 CC also goes out from the point C and encloses the reflected wave 3 r if the flow downstream the shock is really supersonic at the point C . If the Prandtl-Meyer expansion wave is too strong, then the curvilinear shock degenerates into one more weak discontinuity inside the expansion fan (Fig. 1a) . The discontinuity 2 τ does not exist there, and non-interacted part 4 r of the wave 1 r serves instead of the shock 4 j which comes through the expansion fan otherwise. The oblique shock 4 j (Figs. 1b-1d ) or the expansion wave 4 r (Fig. 1a) BCC on the vortex flow layer. At this refraction, the perturbations reflected from the non-isentropic layer 5 are generated in their turn. These reflected perturbations distribute along the characteristics of the first family, overtake the shock situated upstream them, influence its features and shape, and make it curvilinear even after point C. That is why the shock 4 j can not be formally called straight, and the flow behind it (in the region 4) is not exactly uniform and isentropic. The main goals of the present study are to define and analyze the shape and the other features of the interacting shock, to find out the type of the resulted perturbations and their transition criteria, as well as some special features of the considered interaction, and the influence of the ratio of gas specific heats on the problem solution.
Materials and Methods

Non-uniformities of the Two-Dimensional Gas Flow
To characterize not only flow parameters, but also their spatial derivatives at the non-uniform stream of a perfect inviscid gas, we introduce so-called in Ref. [2] "basic non-uniformities" given from two-dimensional flow equations in natural coordinates:
Here, for shocks convex upwards (e.g., the shock EC in Fig. 1b , and the shock after the point E in Fig. 1a ).
Prandtl-Meyer Flow Non-uniformities and the Envelope Line of Its Straight Characteristics
The variation of gas stream parameters at Prandtl-Meyer wave can be described by using the isentropic flow functions. So the wave intensity, i.e., the relation 1 J of the static pressures behind the wave and after this one:
where, (
where, ( ) ( )
is the Mach angle. In a similar manner, the strength of the corresponding sector of the reflected wave 3 r after the interaction between the shock and the above-mentioned sector of the wave 1 r is determined as:
The flow deflection angle is r . When the part of the straight Mach lines intersects at the single point, the discriminant curve has a sharp bend (Fig. 2b) ; when all Mach lines have the common point, the Prandtl-Meyer wave becomes centered, and the discriminant curve degenerates into the sole point-the center of either the rarefaction wave (the point Fig. 1b) or the compression one. If one part of the Prandtl-Meyer wave realizes the flow rarefaction, and the another part realizes the flow deflection, the envelope line consists of two separate sections (Fig. 2c) . Prandtl-Meyer wave depends on the angle between q ρ and gradient vector grad f which is normal to the straight characteristics:
The Eqs. (9), (13) and (16), and the well-known functions of the isentropic flow allow us to calculate all flow parameters derivatives along the direction of the oblique shock coming through Prandtl-Meyer fan of characteristics situated upstream.
Dynamic Compatibility Conditions at Stationary Shocks
Among the numerous variables for shock description, we choose the shock strength J (i.e., the relation of the static pressures downstream and upstream the shock) as the main parameter. We denote below that J is the strength of the shock inside the Prandtl-Meyer fan, 
The flow deflection angle 2 β also depends upon the shock strength:
is the strength of the normal shock in the flow with Mach number M . The relations analogous to Eqs. (17) and (18) are correct for the shock 4 j : ) and also for any point at the interacting part BC of the shock considered:
The angle σ of shock inclination relative to the flow velocity vector upstream the given point is also bound with shock strength ( J ) and local Mach number
( )
In the coordinate system admitted here, Eq. (23) determines the dependence of shock slope angle ξ ( Fig. 1 ) on the shock strength:
that is an equivalent to the quantity ( ) 
and the strength of the shock reducing the flow velocity downstream it to the critical speed: Fig. 3 (curves 1, 2 and 3, consequently). At all
Eqs. (17)- (22) and a lot of similar others express zero-order dynamic compatibility conditions (i.e., they bind flow parameters, not their spatial derivatives). To connect the spatial derivatives of the flow parameters downstream and upstream the shock, we should use first-order (differential) dynamic compatibility conditions. Several forms of that unambiguous conditions have been published already (e.g., in Refs. [4, 5] ; the universal form for strong discontinuities in the solution of two-variables quasi-linear system is given in Ref. [6] ).
To express the correlation between the basic non-
) the shock with the strength J occurred in the flow with Mach number M , we use the differential dynamic compatibility conditions in the following form [2] :
where, j C and ji A are factors depending on M , J ,
everywhere at the present study), and the flow angle θ (only at axis-symmetric flow). The factors we are interested in look as: 
where: 
To define the flow non-uniformities downstream the shock, as seen from Eq. (25), it is enough to know the geometrical curvature of the shock (
Interaction of the Oblique Shock with Preceding Overtaking Weak Discontinuities
The last ( OB ) and the first ( C O 0 , Figs. 1b-1d) straight characteristics of the wave 1 r are the weak discontinuities, i.e., the discontinuities of the basic non-uniformities 
On the contrary, the flow is non-uniform (also corresponds to Eqs. (14) and (15) The problem of the interaction of the stationary shock with the preceding overtaking weak discontinuity has the following solution [2] 
Here, 27)). But, as it was shown in Section 1, this assumption is not absolutely exact and needs some proof for its introduction.
Problem Solution Based on the Assumption of Zero Curvature of the Resulting Shock
The calculations carried out by the second-order method of characteristics at utmost asymptotic refining of the numerical grid have shown that the shock 4 j is of an extremely small curvature (in particular, at point C ). For example, in case of the interaction with the centered expansion fan, its curvature is equal to 
Let us now consider the shock which has interacted not with the whole expansion fan, but with its part bounded by the straight characteristics OB and E E 1 (Figs. 1a and 1b) . The following interaction of this shock with the remaining part of the wave does not change the shock section EC . So the assumption of zero shock curvature at the point of its exit out of the Prandtl-Meyer fan is equivalent to the possibility of using the relation analogous to Eq. (30) at all inner points of the interacting shock:
Considering Eqs. (15), (21) and (31), we conclude that the dimensionless curvature of the interacting shock depends only on wave type 1 ± = ψ , the shock strength J and the local Mach number M upstream:
) . (4), (9) and (12) ; that corresponds to the shock degeneration) can be considered as the only parameter. In fact, the assumption of zero curvature of the resulted shock implied the neglect to the influence of the perturbations refracted at the entropy layer on the shock parameters. These assumptions concerning the moving shock waves in non-steady flow underlie Chester, Chisnell and Whitham's approximate analytical methods [8] . Analogous assumptions concerning shocks in steady flow were introduced in Ref. [9] and other studies.
The Solution Based on the Static Pressure Equality and Collinearity of Flow Directions Downstream the Resulting Waves
The straightness of the shock 4 J in Fig. 1 is possible only at the absence of the perturbations which overtakes the shock from behind. The equality of static pressures and the collinearity of the streams on both sides of vortex layer 5 is a necessary (not sufficient, though) condition for it. These conditions can be formulated as the system binding wave strengths i J and deflection angles i β ( 4 ... 17), (18), (21) and (22). Corresponding flow parameters at Prandtl-Meyer wave sectors are bound by Eqs. (7), (8), (10) (31) and (32), the initial parameters ( 1 M and 2 J ) are present in these expressions which become rather more complicated [7] . So the solutions of Eqs. (33) and (34) do not compose the one-parameter family of curves at the ( ) J M , -plane. The system Eqs. (33) and (34) is definitely not an integral of Eq. (32).
Conditions Eqs. (33) and (34) were, in fact, introduced in Ref. [10] to solve the problem of the interaction between the shock and Prandtl-Meyer wave of opposite direction [11] . Eqs. 
Results and Discussion
The Accuracy of the Methods Proposed
The results achieved due to the "differential" model Eqs. (31) and (32) and the "integral" one Eqs. (35) and (36) So, owing to very high order of smallness of the neglected perturbations reflected from the vortex layer and influencing the shock from behind, the solutions proposed here are accurate enough to study the type of the reflected wave 3 r and other special features of the interaction considered.
The Inflections of the Interacting Shock
The relation Eq. (31) determines the geometric curvature of the interacting shock in an explicit form though this formula can not be applied to the shock with the subsonic flow downstream. In the critical case (
) the shock curvature is finite, and Eq. (31) with the coefficients As it follows from Eq. (31), rather strong shocks interacting with the expansion wave are convex downwards (for example, the section BE of the shock in Fig. 1b) . The loss of the shock strength under the further influence of the expansion wave leads to shock inflection, and the curvature becomes negative (such is the section EC ). The negative curvature of the shock degenerating inside the expansion fan into a weak discontinuity as shown in Fig. 1a asymptotically strives to zero. If the shock interacts with the compression wave, the sign of its curvature changes in a reverse order.
The location of the shock inflection point is determined by Eq. (31) at the condition 0 = σ K . The shock curvature direction changes when shock parameters cross curve 4 in Fig. 3a . Curve 4 goes out the point r at the "critical" ("sonic") line 1. The finite limit of the shock curvature determined from Eq. ( ) 
When we try to determine the shock curvature from Eqs. (35) and (36), the shock inflection depends not only on the local parameters ( M and J ) but also on the initial data for the incoming shock ( 1 M and 2 J ).
But the results of the applications of the two proposed models can be barely distinguished. 
The Reflected Wave and the Change of Its Type
Change of flow types (expansion or compression) in 
These special Mach numbers were d discovered earlier in the problems of overtaking shock-shock anshock-weak discontinuity interactions. They occur also in the study of the systems which consist of Prandtl-Meyer waves and subsequent overtaking shocks and provide extreme static pressure at fixed total flow deflection [12, 13] .
The curve 1 ϕ reaches the "sonic" line 1 at the point 
As it is seen in Fig. 3a ϕ asymptotically reaches the line
Using the "differential" curved shock model Eqs. (31) or (32) and differential conditions (25) of the dynamic compatibility at the interacting shock as well as Eqs. (14) and (15) We have to note the following correlation of the basic non-uniformities immediately after every inner point of the curved shock: , and the integral strength 3 J of the reflected wave strives to 9981 . 0 .
The change of the reflected wave type under the influence of the compression wave on the oblique shock occurs in an inverse order.
Comparing the data on the reflected wave obtained here with the analytical results in Ref. [13] where the sequence of the Prandtl-Meyer wave and the shock is considered without the interaction between them, we must conclude in the following way. 
The Degeneration of the Resulting Shocks and Waves
The condition Figs. 3a and 3b . When the shocks which correspond to these curves degenerate to weak discontinuities, they leave mutually annihilating disturbances in the reflected wave contemporarily. ϕ . This means that the reflected wave 3 r which consists of two expansion sectors and a compression one can be divided mentally into two waves of unit strength.
Mach Numbers Downstream the Shocks, Subsonic Flow Pockets
Two contradictory factors influence on the variation of the Mach number M ) immediately downstream the interacting shock. On the one hand, this curvilinear shock weakens inside the expansion fan, its strength J diminishes, and that leads to a Mach number increase behind the shock. But, on the other hand, the Mach number upstream the shock decreases, and it leads to a decrease in the Mach number downstream.
Computations show that Mach number just downstream the shock increases as a rule at large and moderate Mach numbers upstream and diminishes at small Mach numbers.
analyzed together with Eqs. (21) and (32) which bind the shock strength and Mach numbers on its sides determines curve 6 (i.e., the line kn in Fig. 3b) 
